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Our first main objective here is to unify two important theories in finite 
geometries, namely, the theories of k-arcs and blocking sets. This has a number 
of consequences, which we develop elsewhere. However,one consequence that we 
do discuss here is an improvement of Bruck’s bound [ l] concerning the possibility 
of embedment of finite nets of order II, in the controversial case when n = 10. 
The argument also makes use of a recent computer result of Denniston [5]. 
The second (related) main result involves a new combinatorial bound con- 
cerning blocking sets (Theorem 5). We are able to show that the bound is 
sharp by constructing a new class of geometrical examples of blocking sets in 
Theorem 6. See also the note added in proof. 
Let 7~ be a finite projective plane of order n. A set R of k points 
of n is called a k-arc if no three of its points are collinear. R is said 
to be complete if it is not contained in any ii-arc for which h > k. A 
line that contains two points of R is called a secant. The theory of k-arcs 
has been extensively developed, notably by Segre, Barlotti, and the 
Italian school [6, 17331811. Recall that a subset S of points of r is 
called a blocking set if every line of n contains at least one point which 
is in S and at least one point which is not in 5’. Historically, blocking 
sets arose in connection with game-theory. In fact, it is shown in 
Von Neumann and Morgenstern [7] that the seven-point projective 
plane of order two does not contain a blocking set. However it is easy 
to show that blocking sets exist for all projective planes with order 
greater than two. In the meantime, the theory of blocking sets has 
been developed by Richardson, Hoffman, Isbell, Di Paola, and Bruen. 
Only recently, however, has there been much progress made [24]. 
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Our first main objective is to point out a surprising connection between 
blocking sets and complete k-arcs. Everything is easy once one utters 
the correct word, duality. 
THEOREM 1. Let v be a finite projective plane of order n, and denote 
by rr’ the plane which is dual to rr. Let R be a complete k-arc in rr, and 
assume k < n + 2. Let S be the image of the set of secants of R under 
the mapping #I that takes the lines and points of 7~ onto the points and 
lines of ir’, respectively. Then S is a blocking set in rr’. Conversely, let 
T be a set of k lines of rr’ with no three collinear. Assume that the (3 points 
of intersection formed by the k lines of T constitute a blocking set S in &. 
Then, under 5, T maps onto a complete k-arc R in ir. And 4 maps the 
secants of R in rr onto the points of the blocking set S in 7~‘. 
We now proceed to nets of order ten. First we need the following 
interesting result. 
THEOREM 2. Let u be a projective plane of order ten. Then u contains 
a blocking set S with / S j = 15 if and only zf there exists a complete 
six-arc in J, the plane dual to 0. 
Outline of proof. The “if” part follows directly from the first half 
of Theorem 1. An analysis of the proof of Theorem 4.1 in [4] shows 
that if S exists with 1 S ( = 15 then there arises in u a set of six lines 
with no three collinear from whose 15 points of intersection the set 
S is formed (see case B(i) in [4]). Th us, as in the second half of Theorem 
1, we obtain a complete six-arc in u’. 
Now we make use of a computer result of Denniston [S]. 
THEOREM 3. A blocking set S in a projective plane TI of order 10 
must contain at least 16 points. 
Proof. By Theorem 3.9 in [4], 1 S 1 > 15. The main result in [5] 
is that in a projective plane of order ten no six-arc is complete. Now 
we may use Theorem 2 to finish the proof. 
Using the above, our next result improves on a result of R. H. Bruck 
[1, Theorem 3.11 for the case of nets of order ten. The requisite defini- 
tions can be found in [l], together with a discussion of the theorem’s 
significance. 
THEOREM 4. A net of order ten which contains six or more parallel 
classes can be completed to a plane of order ten in at most one way. 
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Outline of proof. If there were two completions then, by Theorem 2.1 
in [3], there would exist a blocking set in a projective plane of order 
ten containing 15 or fewer points. But this contradicts Theorem 3. 
We proceed to our second main objective. Let S denote a blocking 
set in a projective plane n of order n. In Theorem 3.9 of [4] it is shown 
that j S j 3 n + m + 1, where m is the least integer greater than or 
equal to n r / 2. The argument there depended on proving that in the case 
of equality, when / S 1 = n + m + 1, there exists a line of m containing 
m + 1 points of S. One is then naturally inclined to conjecture a 
Ramsey-type result, namely that for any blocking set S, some line of 7~ 
contains at least m + 1 points of S. In fact, this is false. Before discussing 
it (see Question 1 below), we state the following. 
THEOREM 5. Let rr be a finite projective plane of order n. Suppose 
S is a blocking set in rr. Then n 3 3. If n = 3, no line of rr contains more 
than 3 points of S. Assume n > 4. Then there must exist some line of T 
which contains at least 4 points of S, unless the one or the other of the 
following situations obtain. 
(a) n = 4, / S 1 = 7 and S forms a projective subplane of rr having 
order 2. 
(b) n = 4, 1 S 1 = 9 and the points of S are the points of an afine 
subplane of order three. 
In these two cases, no line of 71 contains more than three points of S. 
The proof uses a counting argument similar to one used in [2, 41. 
For reasons of space the details, and those of Theorem 6 below, will 
be discussed elsewhere. 
At this stage, two questions still remain unanswered. 
QUESTION 1. Can there exist a blocking set S in a projective plane 7~ 
of order n such that every line of x contains fewer than n1i2 + 1 points 
of S? 
QUESTION 2. Do there exist blocking sets S in planes r of “large” 
order for which no line of rr contains more than 4 points of S? 
Theorem 6 will show that the answer to both questions is “yes.” 
This underscores the delicate nature of the proof of Theorem 3.9 
in [4], and also shows that Theorem 5 above is, in some sense, the 
best possible. 
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THEOREM 6. Let r be the projective plane over the Jield F = GF(3”) 
with t 3 2. Suppose h # 0 is a nonsquare in F. Write S = A u B v C 
where A = ((x, x3) 1 x E F}, B = {(x, x3h) / x E F}, C = {(co)). Then S 
is a blocking set in rr with / S 1 = 2n where n = 1 F / is the order of T. 
Moreover, no line of r contains more than 4 points of S. 
As mentioned earlier, the proof of Theorem 6 and other details will 
be discussed elsewhere. 
Note added in proof. We note that Theorem 3 implies the main result of the recent 
paper by MacWilliams, Sloane, and Thompson (J. Combinatorial Theory A 14, (1973), 
66-78). Their result is that the number of codewords of weight fifteen in a certain code 
is zero. Early on, the authors show (see (3. I), p. 69) that such a codeword yields a blocking 
set with fifteen points in a projective plane of order ten. However this is immediately 
ruled out by Theorem 3 above. 
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